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Part I: Motivation and introduction 
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“All models are wrong, some 
models are useful” 
   George Box (statistician)



Mathematical models can describe processes 
on a number of spatial and temporal scales 

• Molecules 
• Genes 
• Proteins 
• Cells 
• Tissues 
• Organs 
• Organ systems 

Where should we start? 







Phenomenological vs physical 
models 
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Flow through a vessel with resistance R: 

Volume of a vessel with pressure p: 

Cauchy´s equation of motion: 



Which one is better? 

• Equation of motion: 
• Well established physical principle (Newtons 2nd law) 
•  High resolution information 
•  Difficult to solve 
•  (Very) difficult to determine material properties 

• Simpler models: 
•  Narrow regime of applicability 
•  Less information output 
•  Few parameters to determine 
•  Easy to solve 



Adding (simple) material properties 
to the equation of motion 

Fluid; the Navier-Stokes equations 

Elastic materials (linear) 
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The detailed models can only view 
a small part of the system 



Phenomenological models can 
describe the complete circulation 
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Networks of smaller vessels are seen as linear resistance vessels  
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Larger vessels are approximated as linear compliance vessels 

The heart can be described as a compliance vessel with time varying 
parameters 
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Example 1; six ODEs describe the entire 
circulation (Peskin and Hoppenstedt, 2002) 



Model output consists of pressures and 
flows 

Top row; left and right heart compliance 
Middle; ventricular pressure (green), arterial pressure (red), venous pressure(blue) 
Bottom; Flow through inflow valve (blue) and output valve (green) 



Left; flow through systemic (green) and pulmonary (blue) circulation 
Right; PV-loops for left and right ventricle 



Although extremely simple; the model gives a 
reasonable description of many scenarios 
Matlab demo: 

• Mitral valve stenosis; change Rmi   from 0.01 to 0.2 

•   Physical activity; reduces systemic resistance from 17.5 
to 8.5 



Example 2; simpler hemodynamics, 
advanced feedback loop 

Toska, Eriksen, Walløe, 1996 
Elstad, Toska, Walløe, 2002 



Models made from these simple 
components have been tuned to fit 
experimental data 

Toska, Eriksen, Walløe. Short-term control of 
cardiovascular function: estimation of control 
parameters in healthy humans. Am J Physiol. Heart 
Circ Physiol, 1996. 

Elstad, Toska, Walløe. Model simulation of 
cardiovascular changes at the onset of moderate 
exercise in humans. J Physiol, 2002. 

Hoppensteadt, Peskin. Modeling and simulation in 
medicine and the life sciences, Springer-Verlag, 2002. 

Lu et al, A human cardiopulmonary system model 
applied to the analysis of the Valsalva maneuver. Am J 
Physiol. Heart Circ Physiol, 2001.  



Although useful, the lumped parameter 
models have severe limitations 

• Made from coarse scale data 
• Ex; the heart is a simple mathematical 

function, hard to modify for pathologies etc 

• Little or no link to the smaller scale 
biophysical processes 



The answer; integrative physiology models 

Build models for organs and organ systems based on 
smaller building blocks such as cells and sub-
cellular units. 



Huge potential, but similarly huge challenges 

• Potential to provide a direct link from sub-
cellular processes to the function of organs 
and organ systems 

• High-profiled initiatives: 
•  IUPS Physiome project 
•  Virtual Physiological Human 

• Substantial challenges related to data 
collection, modeling, and solving the resulting 
equations 



Part II: Model example; heart electro-mechanics 
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Heart function is divided into three 
distinct parts 
- Electromechanical 
reactions of cardiac 
cells 

- Signal propagation 
through the tissue 

-Mechanical behavior 
resulting from active 
contraction and passive 
elastic behavior 
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Solving these equations efficiently is a very active 
research field 

• Complexity of mathematical model 

• Computational load of electrophysiology problem, due to 
rapid dynamics 

• Strong non-linearity of heart mechanics equations 

• Complicated boundary conditions 



Example application 1; diagnosis 
of myocardial ischemia 

• ST segment shift is a key 
indicator 

•  Depression or elevation 

• Origins from changes in cell 
action potential 

•  Elevated resting potential 
•  Lowered plateau potential 



Full bidomain model can only 
give qualitatively correct results 

Due to the computational load of the full model, we need to derive a simpler 
model that only models the ST shift 



Two distinct cases; transmural and sub-endocardial 
ischemia 



“Text book explanation” 

• Transmural ischemia is locatable by ST elevation, 
subendocardial ischemia by ST depression 

• ST shift caused by injury current across the ischemic 
border  



Experiments and model results 

Li, Li, Yong, Kilpatrick. Source of electrocardiographic 
changes in subendocardial ischemia. Circ Res 1998. 

• Experiments on sheep hearts suggest that 
subendocardial ischemia is impossible to locate from 
the ST depression 

• This contradicts model simulations done with isotropic 
conductivity parameters, which supports the “textbook 
version” 



Detailed modeling of muscle fibres gives 
better agreement with experiments 

Isotropic conductivities Realistic conductivities 



For the simpler case of transmural 
ischemia, the models are indifferent 

Isotropic conductivities Realistic conductivities 



Example application 2; Development of Heart 
Failure After Infarction 

•  Necrosis 
•  Cellular apoptosis 
•  Increased wall stress 

Infarct 

Blockage 

Artery blockage causes 
initial loss of functional 
tissue 

•  Fibrosis 
•  Infarct expansion 
•  Ventricular 

hypertrophy 

Mechanical and biological 
factors cause pathological 
remodeling 

Infarct 
Border zone 

Injury can cause downward spiral of loss of 
function and continued ventricular remodeling 



Simulations to Examine Infarct Injured Ventricles 

Remote 

Border 
Zone 

Infarct 

1Walker JC, et al, AJP, 2006 
2Wall ST, et al, Circulation, 2006 

•  Theoretical models of the 
heart are useful to 

•  Investigate function and 
dysfunction 

•  Evaluate potential therapies 

•  Previous research has 
focused on solely the 
mechanics of the infarct 
injured heart 

•  Building a realistic finite 
element mesh of multiple 
infarct injured ovine hearts1 

•  Testing the mechanical 
effects of adding passive 
materials to the injured 
ventricle2 



Simulations to Examine Infarct Injured Ventricles 

•  Strain matching studies 
reveal elevated myofiber 
stresses at end systole in 
the infarct border zone 

•  Relevant for continued 
ventricle remodeling 

•  Target for surgery and 
treatment 

•  These models were then 
used to evaluate current 
therapies that involve the 
addition of materials or 
cells to the injured 
myocardium 



Clinical Implications from Mechanical Models 

Infarct 
Control Infarct w/ 4.3 ml 

added material 
Stress difference 

Pathological border zone end systolic stresses can be 
ameliorated by the addition of small amounts of passive material 
to the surgically accessible injured LV. 



Full cardiac cycle of injured heart captured 



Examining Mechanical Dysfunction 

Increased BZ stretching 

Elevated 
BZ stress 
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Example 3; coupling lumped 
parameter models to fine-scaled 
physical models (true multiscale) 

• Kerckhoffs et al. Coupling of a 3D finite element model 
of cardiac ventricular mechanics to lumped systems 
models of the systemic and pulmonary circulation. Ann 
Biomed Eng, 2006. 

• Replace the simple elastance model of the heart with 
an electromechanics finite element model. 

• Enables studying cellular changes, regional 
differences in the heart etc, and their impact on the 
circulation 



Model output is circulatory parameters 
and regional stresses and strains in the 
heart 



Part III: Summary, challenges and on-going 
activities 

Keywords: 
Current status 
Challenges 
Main activities at the Center for Biomedical Computing 



Summary and conclusions   

• Mathematical modeling has a long history in physiological 
research 

• Over the last decade we have seen a dramatic 
improvement in computational tools, data acquisition and 
imaging technology 

• The potential of applying multiscale models for 
physiological research and clinical investigations is 
increasing rapidly 

• There are still substantial challenges, related to 
computational load, data acquisition, individual variations 
etc 



• Multiscale models of physiological systems are 
still in their infancy 

• A detailed model is useless without good data 

• Significant progress requires close 
collaboration between physiologists, 
bioengineers, mathematicians, computer 
scientists etc 



As mentioned, we face several challenges 

• Data collection 

• Data analysis  

• Building mathematical models 

• Developing efficient solution methods 

• Software complexity 

• Verification, validation and error analysis 





Three main parts 

•  Computational middleware 
•  Robust flow solvers 
•  Biomedical applications 



• Problem solving environments 
for PDEs 

• Old and modern libraries 
• Stand-alone black-box codes 
• New code (PyCC, FEniCS, 

automatically generated) 
• Parallel computing 
• Main focus: fluid flows, but the 

tools aim at ”any” PDE system 

Computational middleware 



Robust flow solvers 

• Implicit methods 
• Block preconditioning 
• Fluid-structure interaction 
• Error estimation 
• Adaptivity 
• Turbulence modeling & DNS 
• Validation by lab. experiments 



Biomedical flows 

• Drug inhalation 

• Aerosol flow (bacteria) 

• Circle of Willis 

• 1D arterial network 

• Flow around the mitral valve in the heart 

• Flow, deformation and electrophysiology 
in the heart 



Slide handouts: 
http://www.simula.no/~sundnes/Comp_models.pdf 

Questions? 


